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We consider a class of stochastic PDEs of Burgers type in spatial 
dimension 1, driven by space-time white noise. Even though it is well 
known that these equations are well posed, it turns out that if one 
performs a spatial discretization of the nonlinearity in the "wrong" 
way, then the sequence of approximate equations does converge to 
a limit, but this limit exhibits an additional correction term. 

This correction term is proportional to the local quadratic cross- 
variation (in space) of the gradient of the conserved quantity with the 
| solution itself. This can be understood as a consequence of the fact 

■ that for any fixed time, the law of the solution is locally equivalent 

to Wiener measure, where space plays the role of time. In this sense, 
the correction term is similar to the usual Ito-Stratonovich correction 
term that arises when one considers different temporal discretizations 
s ! 1 of stochastic ODEs. 

> 

\q , 1. Introduction. In this work, we give a rigorous analysis of the behavior 

ON 1 of stochastic Burgers equations in one spatial dimension under various ap- 

proximation schemes. It was recently argued in [12] that if the approximation 
scheme fails to satisfy a certain symmetry condition, then one expects the 
approximations to converge to a modified equation, with the appearance of 
an additional correction term in the limit. This correction term is somewhat 
similar to the Ito-Stratonovich correction that appears in the study of SDEs 
when one compares centred and one-sided approximations. The present ar- 
^ ' ticle provides a rigorous justification of the results observed in [12], at least 
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in the case where the nonlinearity of the equation is of gradient type, and 
therefore the limiting equation is well posed in a classical sense. 

More precisely, we will consider in this work stochastic PDEs of the form 

(1.1) dtu(x,t) = vd%.u(x,t)+F(u(x,t)) + (VG)(u(x,t))d x u(x,t)+Z(x,t), 

where u = u(x,t) is an R n -valued function, with x £ [0,27r], t > 0. In this 
equation, v > is a positive constant, the functions F, G:R n — > R n are 
assumed to be C 3 , and the stochastic forcing term £ consists of independent 
space-time white noises in each component of R n . For the sake of simplicity, 
we endow this equation with periodic boundary conditions, but we do not 
expect this to alter our results significantly. 

Endowed with an initial condition uo S C([0, 2tt]; R n ), (1-1) is locally well 
posed [9], provided that we rewrite the nonlinearity as d x G{u) and consider 
solutions either in the weak or the mild form [7] . (Note that our noise term is 
not the gradient of space-time white noise, as in [3]. Therefore, our solutions 
are actually a- Holder continuous functions for all a < «■) The aim of this 
article is to show that this well-posedness is much less stable than one may 
imagine at first. Indeed, if we set 

Dtu{x) = u{x + £) - u{x \ 

and consider the family u £ of solutions to the approximate equation 

d t u £ = v 8 2 x u £ + F(u £ ) + VG(u £ )Dfu e + C, 

then our main result, Theorem 1.6 below, implies that u e => u, where u is 
the solution to (1.1), but with F replaced by 

(1.2) F(u) = F(u)--^AG(u), 
where A is the usual Laplacian on R™. 

Remark 1.1. The correction term in (1.2) is reminiscent of the Wong- 
Zakai correction [17], which arises if the driving Brownian motion in a stochas- 
tic ODE or PDE is approximated by stochastic processes of bounded vari- 
ation. This correction term is due to the temporal roughness of the driving 
Brownian motion and does not appear if the noise is additive. 

Our correction term is a consequence of the spatial roughness of the so- 
lutions and appears even though we consider SPDEs with additive noise. In 
fact, an explicit calculation allows to check that the local quadratic variation 
(in space) of the solution u to (1.1) is precisely given by l/(2u). Therefore, 
one can interpret the correction term appearing in (1.2) as precisely being 
equal to — \ times the quadratic covariation between u and VG(u). Recall 
that this is exactly the correction term that appears when one switches be- 
tween ltd and Stratonovich integral in the usual setting of stochastic calcu- 
lus. See also [12] for a heuristic argument for computing the correction term. 
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Remark 1.2. This correction term is a purely stochastic effect and is 
completely unrelated to the fact that our discretization scheme is not an 
upwind scheme (see [5, 15]). In the absence of noise, we would still have the 
regularizing property from the nonvanishing viscosity, so that pretty much 
any "reasonable" numerical scheme would converge to the correct solution. 

If is replaced by D~ , defined by D~u(x) = (u(x) — u(x — e))/e, then 
a similar result is true, but the sign in front of the correction term in (1.2) 
changes. We will actually consider a much more general class of approxima- 
tions to (1.1), where we also allow both the linear operator d 2 and the noise 
term £ to be replaced by approximate versions that are still translation- 
invariant, but modified at the lengthscale e. 

1.1. Statement of the main result. For e > 0, we consider approximating 
stochastic PDEs of the type 



Since our system is invariant under spatial translations, it seems natural to 
restrict ourselves to a class of approximations that enjoys the same prop- 
erty. Throughout this article, we will therefore use approximate differential 
operators A e and D £ , as well as an approximate space-time white noise £ £ 
given by their Fourier transforms: 



Several natural discretizations arising in numerical analysis are of this form 
(see the examples below Theorem 1.6). We will make the following standing 
assumptions on these objects. 

Assumption 1.3. The function /:[0,oo) -> [0, +00] is twice differen- 
tiable at with /(0) = 1 and f'(0) = 0. Furthermore, there exists q E (0, 1] 
such that f{k) > q for all k > 0. 

If f(k) = +00 for some values of k, we use the convention exp(— too) = 
for every t > 0. In this case, the semigroup generated by A e is not strongly 
continuous, but this is of no consequence for our analysis. 

Assumption 1.4. There exists a signed Borel measure fj, such that 



d t u £ = vA £ u £ + F{u £ ) + VG{u £ )D £ u £ + £ e . 



A £ u(k) = -k 2 f(e\k\)u(k) 
l(k) = h(e\k\)C(k). 



D £ u(k) = ikg{ek)u{k) 




and such that 





In particular, we have (D £ u)(x) := - f-^ufa + ey)^{dy). 
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Assumption 1.5. The function h is bounded and such that h 2 /f is of 
bounded variation. Furthermore, h is twice differentiable at the origin with 
h(0) = 1 and h'(0) = 0. 

Let u be the solution to the equation 



Note that a straightforward calculation shows that A is indeed well defined, 
as a consequence of the fact that h 2 /f is bounded by assumption and that |//| 
has a finite second moment. 

Before we state our main result, note that the equation (1.4) is locally well 
posed in L°°, see [2, 4, 6, 9, 10]. As a consequence, it has a well-defined blow- 
up time r* (possibly infinite) such that, almost surely, lim^^ \\u(t)\\i,ao = 
+oo on the event {r* < oo}. With this notation, we are now ready to state 
the main result of this paper. 

Theorem 1.6. Let k > and let u £ and u have initial conditions as 
in Theorem 2.2. There exists a sequence of stopping times t £ satisfying 
lim £ ^o T e = T * i- n probability, and such that 



Remark 1.7. In order to avoid further technical complications, we con- 
sider sequences of initial conditions that have the property that the initial 
condition for u e "behaves like" the solution u £ (t) for positive times. In fact, 
the initial condition for u e is a smooth perturbation of the stationary solu- 
tion to the linearized equation for u e . We refer to Section 2 for more details. 

Before we proceed, we list some of the most common examples of dis- 
cretizations that do fit our framework. For a, b > with a + b > 0, it is 
natural to discretize the derivative operator by choosing 

^ := ^Tb- 

This is also the discretization that was considered in [12]. As far as the 
discretizations of the noise and the Laplacian are concerned, there are at 
least three natural choices. 



(1.4) dtu = vd 2 x u + F{u) + VG{u)d x u + t. 




(1.5) 
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No discretization. This is the case / = h = 1 where only the nonlinearity 
is discretized. With this choice, one can check that the correction factor is 
given by A = ^^. 

Finite difference discretization. In this case, we divide the interval [0, 2tt] 
into N equally sized intervals. For convenience, we assume that N is odd 
and we set 

1 2ir 
(A £ u)(x) = -z(u(x + e) + u(x - e) - 2u(x)), e = — . 

e z iv 

We furthermore identify a function u with the trigonometric polynomial of 
degree (N — l)/2 agreeing with u at the gridpoints. This corresponds to the 
choice 

[ +oo, k G [it, oo), 

The natural choice for the discretization of the derivative operator in this 
case is to choose a and b to be integers, so that discretization takes place on 
the gridpoints. With this choice, it can be shown that the correction factor 
is identical to that obtained in the previous case. Note however that this is 
not the case if the discretization of the derivative operator is not adapted 
to the gridsize. 

Galerkin discretization. In this case, we approximate A and £ by only 
keeping those Fourier modes that appear in the approximation by trigono- 
metric polynomials. This corresponds to the choice 

f{k) = { 1 l t £[ ° ,7T) \ & = W 
J w \ +oo, k <E [vr,oo), [{J ' 7T) 

The correction factor A is then given by 

cos(-7ra) + 7ra Si(7ra) — cos(7r6) — 7r6Si(7r6) 



A 



2ir 2 v(a+b) 



where Sit = J* s -^dx. 

The rest of this paper is structured as follows. In Section 2, we introduce 
notation, we give a refined formulation of the main result and present an 
outline of the proof of the main result (Theorem 2.2). In Section 3, we prove 
several useful bounds on the approximating semigroups and the approxima- 
tions of the gradient. Section 4 is devoted to several estimates for stochastic 
convolutions, the most crucial one being Proposition 4.6, which is responsi- 
ble for the correction term appearing in the limiting equation. Most of the 
work is performed in Section 5, where convergence of various approximating 
equations is proved. 
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2. Proof of the main result. In order to shorten notation, we introduce 
the semigroups S and S £ , defined as rescaled versions of the heat semigroup 
and its approximation: 

S(t) d 4 f e -*d-^) ) Se{t) drf e -t(l- i ,A e)j 
where we define S £ by Fourier analysis, that is, 

making use of the convention e~°° = 0. 

Since we will always work with the mild formulation, it will be convenient 
to have a notation for the convolution (in time) of a function with one of 
the semigroups. We will henceforth write 

(S*w){t)= [ S{t-s)w(s)ds. 
Jo 

Let (W(t))teR be a two-sided cylindrical Wiener process on 

R n ) (see [7, 10] for precise definitions) and let Q £ be the bounded operator 

on T~L defined as a Fourier multiplier by 

Q^u(k) = h(e\k\)u(k). 

(We assume that it acts independently on each component.) Finally, we 

define the ^-valued processes ip and ip by 

■p(t) = f S(t-s)dW{s), i>{t)= f S £ (t- s)Q £ dW{s), 

so that, in the notation of the previous section, they are the stationary 
solutions to the linear equations 

d t ip = (vd 2 x -l)ip + £, d t $=(vA £ + 

With this notation at hand, we can rewrite the equations for u and u £ in 
the mild form as 

(2.1) u{t) = S(t)v Q + ip(t) + 5 * (F(u) + VG(u) d x u)(t), 

(2.2) ue(t) = S £ (t)v + ^(t) + S £ * (F(u £ ) + VG{u £ )D £ u £ ){t). 

Remark 2.1. Note that we have used here a common initial condition i>o 
for the difference u — ip and u £ — ip. As a consequence, the two equations 
do not start with the same initial condition! However, as e — > 0, the initial 
condition of u £ converges to that of u. The reason for not starting with the 
same initial condition is mostly of technical nature. 

It will be convenient to define for any < 7 < x, 

V> 7 = (I - n £ -^ r d ^ f n £ - 7 v, ^ = (n £ -x - n £ - 7 )^. 
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The expressions t/> 7 , V> 7 and ^ are denned analogously. Here H/v denotes 
the projection onto the low-frequency components of the Fourier expansion, 

defined by Hn^u = l\n\<N e n, where e n {x) = (2ir)~ 1 ^' 2 e inx . 
We set 

_ def _ , ~ def T 

V = U — tp, V = U £ — 1p. 

In the proof, it will be convenient to work with the functions v 1 and 
defined by 

r\ dcf i i ■ — ■'y dcf - — ■ , / '"V / 

v'=v + ip'=u — ipy, v'=v + ip'=u £ —ip 1 . 

It follows from (2.1) and (2.2) that these functions satisfy the following 
equations: 

(2.3) v\t) = S(t)v + V 7 (*) + S * (F(v~< + V 7 ) + d x (G(vi + ^ 7 )))(t), 

v^(t) = S £ (t)v + r(t) 
(2-4) _ „ 

+ S £ * (F(1P + ^ 7 ) + VG(^ + V 7 )^ £ (^ 7 + ^))(t). 

For large parts of this article, it will be convenient to work in the fractional 
Sobolev space H a for some a > \ , so that H a C L°° . Recall that H a denotes 
the space of (equivalence classes of) functions u = Sjez u k^k on [0, 2ir] with 
Uk G C, for which 

\\u\\ 2 a :=Y,Wk\ 2 (l + k 2 ) a <^. 
kez 

Furthermore, we will need to use a high-frequency cut-off, which will smoothen 
out the solutions at a scale e x for some X > 1- It turns out that a reasonable 
choice for these parameters is given by 

(2-5) a=\, 7 = i, x = §, 

and we will fix these values from now on. With this notation at hand, the 
following theorem, which is essentially a more precise reformulation of The- 
orem 1.6, is a more precise statement of our main result. Here and in the 
rest of the paper we write \\u\\p to denote the norm of an element u in the 
fractional Sobolev space H@ for /3 £ R. 

Theorem 2.2. Let k > be an arbitrary (small) exponent and let vq £ H@ 
for all f3 < |. There exists a sequence of stopping times t £ satisfying t £ — > r* 
in probability as e — > 0, such that 

(2.6) lim P ( sup II u E (t) -u(t) II L oo > e 1/8 ~ K ) =0. 



8 



M. HAIRER AND J. MAAS 



In fact, we have the bounds 

(2.7) l[mF(sn' P \\v^(t)-v^(t)\\ a >e 1/s - K ) = 0, 

e->0 H<T e ' 

(2.8) limP(sup]|^ T ft)-^ T (i)|| L <x, >e l/2 ~ K ) =0. 
£->o V t < Te / 

Remark 2.3. We emphasize again that the initial conditions u(0) and 
u e (0) are slightly different. In fact, one has u e (0) = u(0) + i/j(0) — tp(0). 

Remark 2.4. The rate | is not optimal. By adjusting the parameters a, 
7 and x m an optimal way, and by sharpening some of the arguments in 
our proof, one could achieve a slightly better rate. However, we do not 
believe that any rate obtained in this way would reflect the true speed of 
convergence, so we keep with the values (2.5) that yield simple fractions. 

Remark 2.5. From a technical point of view, the general methodology 
followed in this section and the subsequent sections is inspired from [11], 
where a somewhat similar phenomenon was investigated. Besides the struc- 
tural differences in the equations considered here and in [11], the main tech- 
nical difficulties that need to be overcome for the present work are the fol- 
lowing: 

(1) In [11], it is possible to simply subtract the stochastic convolution i/j 
(or and work with the equation for the remainder. Here, we instead sub- 
tract only the highest Fourier modes of ip. The reason for this choice is that 
it entails that ?) 7 — > u as e — > 0. This allows us to linearize the nonlinearity 
around in order to exhibit the desired correction term. As a consequence, 
our a priori regularity estimates are much worse than those in [11] and our 
convergence rates are worse. The main reason why we need this complication 
is that our approximate derivative D £ does not satisfy the chain rule. 

(2) All of our fixpoint arguments need to be performed in the fractional 
Sobolev space H a , for some a > ^. This is in contrast to [11] where some 
of the arguments could be performed first in and then lifted to H a 
by a standard bootstrapping argument. These bootstrapping arguments fail 
here, since the nonlinearity of our approximating equation contains an ap- 
proximate derivative, which gives rise to correction terms which are not easy 
to control. 

(3) In one crucial step where a Gaussian concentration inequality is em- 
ployed in [11], it was necessary that the stochastic convolutions belong to H a 
for some a > \. This is the case in [11] as a consequence of the extra reg- 
ularizing effect caused by a small fourth-order term present in the linear 
part. This additional regularizing effect is not always present in the current 
work. We therefore perform another truncation in Fourier space, at very 
high frequencies. This is the purpose of the exponent x- 
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Note also that Proposition 4.6 is the analogue of Proposition 4.1 in [11]. One 
difference is that we have a much cleaner separation of the probabilistic and 
the analytical aspects of this result. 

By a standard Picard fixed point argument (see, e.g., [10]) it can be shown 
that (2.1) admits a unique mild solution u defined on a random time interval 
[0, T*] . Moreover, the spatial regularity of ip and u equals that of a Brownian 
path, in the sense that i^(t) and u(t) are continuous and belong to H@ for 
any f3 < \ and any t > 0, but not to H 1 / 2 . We shall take advantage of the 
fact that the process v is much more regular. In fact, v(t) G H@ almost 
surely for any /3 < § and any t > 0, but one does not expect it to belong 
to H 3 / 2 in general. This follows immediately from the mild formulation (2.1) 
combined with a standard bootstrapping argument. It follows from these 
considerations that, for every fixed time horizon T, the stopping time 

rf :=T A M{t:\\v(t)\\ a V \\u(t)\\ L «> > K} 

converges in probability to t* A T as K — > oo. 

It will be shown in Section 4 that a number of functionals of ip and 
scale in the following way: 

\\^(t)\\L-<e^ 2 - K , ||^ 7 (t)||L~<e 7/2 - K , 
II^WII^<^ 7/2 ~ K , \\Mt)h™<e x/2 - K , 
IIV^)IU<£- 7{Q - 1/2) - K , II^WIU<e- x(a - 1/2) - K , 

||^(i) - ^(t)\\ a < e 2-7(«+3/2)- Kj 9 e (^ 7 (t)) <e-'- K , 

©,(«)) < ^ X " 2 " K ; IIA - S e (^(i))|U < e 1/2 " K , 
where the quantities e and H e are defined by 

©e(w) = / ^ll-Dej/^llial^K^y), E e («) = / —D ey u ® D ey u^(dy) . 

Note that all of these relations are of the form \&f (t) < for some ex- 

pression \I/f depending on e and some exponent on. In the proof, it will be 
convenient to impose this behavior by means of a hard constraint. For this 
purpose, we introduce the stopping time t k , which is defined for K > by 

(2.9) r K = rf A inf{t : 3i : *f (t) > e a ^ K }. 

From now on, we will write Ck to denote a constant which may depend on K 
(and T) and is allowed to change from line to line. Similarly, k will be a posi- 
tive universal constant which is sufficiently small and whose value is allowed 
to change from line to line. However, the final value of n is independent of e, 
K and T. 

The remainder of this section is devoted to the proof of Theorem 2.2. 
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Proof of Theorem 2.2. Most of the work in the proof consists of 
bounding the difference between xP and €> 7 in H a . This bound will be ob- 

(i) 

tained in several steps, using the intermediate processes v £ , i = 1, . .. ,4, 

S(t)v + ^(t) + S * (F(vP) + d x G(vW))(t), 
S(t)vo + ^(t) + S * (F(vP) + D e G(4 2) W), 
S e (t)v + r(t) + S £ * (F(v^) + D e G(v^))(t), 
S e (t)v + r(t) 



defined by 


(2.10a) 




(2.10b) 


4 2) (t) 


(2.10c) 






««(f) 


(2.10d) 



+ S £ * (F(v^ + $><) + VG(4 4 ) + fy)D e (vi 4) + fyW)- 
At this stage, we stress that the main difficulty of the proof consists of 

showing that and v £ ^ are close (see Proposition 5.5 below). Showing 

(j) (j+i) 

the smallness of the remaining differences v £ — v £ is relatively straight- 
forward and follows by applying standard SPDE techniques. The main in- 
gredient in this part of the proof is an estimate which compares the square 
of the approximate derivative of ip* to the correction term, in a suitable 
Sobolev space of negative order. The estimate is purely probabilistic and ul- 
timately relies on the fact that the quantity that we wish to control belongs 
to the second order Wiener chaos. It can be found in Proposition 4.6, which 
we consider to be the core of the paper. 

Recall the definition of the stopping time t k given in (2.9). With this 

definition at hand, we set Tq = f t k as well as = f v 1 and d = v 1 , and 
we define recursively a sequence of stopping times with j = 1, . . . , 5 by 

(2.11) rf = rf_ 1 A inf{t: \\v®(t) - v^\t)\\ a > K}. 

With this notation at hand, Propositions 5.1-5.7 state that, for all fixed 
values K, k > and every j = 1, ... ,5, one has 

(2.12) limPf sup||^' ) (t)-4 i " 1) (i)IL> el/8 ~ KN ) =°- 

Combining all of these bounds, we conclude immediately that, for every 
fixed time horizon T > and every choice of values K and k, we have 

limPf sup \\lP(t)-iP(t)\\ a >e 1 / a -")=0. 

This is formally very close to (2.7), except that we still have the values 
T, K > appearing in our statement and consider the solutions only up to 
the stopping time t§ . 

Since r* A T — > t* as T — > oo and since we already argued that ->t»AT 
as K — > oo, the bound (2.7) follows if we are able to show that, for every 
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fixed choice of K and T, 

(2.13) lim P(rf 7^f) = 0. 

e— >-0 

Since the statement of our theorem is stronger, the smaller the value of k, we 
can assume without loss of generality that k < |. In this case, lim^o e l /&- K = 
0, so that (2.12) and (2.11) together imply that 

lim P(rf 7^/10 = 

for j = 1, . . . ,5, from which we conclude that lim e _>o ^{ T 5 tK ) = 0- 

In order to finish the proof of (2.7), it now suffices to show that 
lim £ ^o¥(T K t^) = 0. Fix an arbitrary T > and k > 0. It then follows 
from Propositions 4.3, 4.4 and 4.5 that for each of the terms *f?j appearing 
in (2.9), there exists a constant Cj > such that 

E sup m(t) < Cje a i- K/2 , 
te[o,T] 

uniformly for all e < 1. It then follows from Chebychev's inequality that 

P(r K + rf ) < Vp( sup %{t) > e a ^) < V C^ 2 , 
j V *e[o,T] > . 

from which the claim follows. 

Since (2.6) follows from (2.7) and (2.8), the proof of the theorem is com- 
plete if we show that (2.8) holds. Since it follows from Proposition 4.3 and 
Chebychev's inequality that 

]imPfsup||&(t)-^~(t)|| L oo >e 1/2 ~ K ) =0 

£^0 V t < T / 

for every T > 0, this claim follows at once. □ 
3. Analytic tools. 

3.1. Products and compositions of functions in Sobolev spaces. In this 
subsection, we collect some well-known bounds for products and composi- 
tions of functions in Sobolev spaces. As is usual in the analysis literature, we 
use the notation $<$ as a shorthand for "there exists a constant C such 
that <3? < C^." These estimates will be useful in order control the various 
terms that arise in the Taylor expansion of the nonlinearity that will be 
performed in Section 5 below. 

Lemma 3.1. Let r,s,t>0 be such that r A s > t and r + s > \ + t. 
(1) For f G H r and g G H s , we have fg £ H l and 

(3.i) n/<7iit<n/y<?iu- 
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(2) For f G H r and g G H t , we have fg G H s and 
(3-2) ||/ 5 ||_ s <||/|| r || 5 ||_ t . 



Proof. This result is very well known. A proof of (3.1) can be found, 
for example, in [10], Theorem 6.18, and (3.2) follows by duality. □ 

Lemma 3.2. Let s G (5, 1)- There exists C > such that for any u G H s 
and any G G C 1 (R n ;R n ) satisfying 

\\G u \\ c i : = sup{|G(x)| + |VG(x)| : \x\ < \\u\\ L °°} < 00, 

we have 

\\Go U \\ s < C||G u || c i(l + \\u\\ s ). 

Proof. Let be the shift operator defined by Thu{x) := u(x — h). It is 
well known (see, e.g., [8] or, for functions defined on R n , [1], Theorem 7.47) 
that the expression 



(3.3) 



\U\\ L 2 + 



t s sup ||n — Th u\\ L 2 

\h\<t 



dt\ 



1/2 



t 



defines an equivalent norm on H s . The result then follows by inserting the 
estimates 

||G o u||^,2 < ||Gou|| L oo < C||G u ||cn, 
\\Gou- r h (G o u)\\ L 2 < C r ||G f tt || c n \\u - r h u\\ L 2 

into (3.3). □ 

3.2. Semigroup bounds. We will frequently use the fact that for a > (3 
and T > 0, there exists a constant C > such that 

(3.4) \\S(t)u\\ a <Ct-^ a - p)/2 \\u\\p 

for any e G (0, 1], t G [0,T] and u G . This is a straightforward consequence 
of standard analytic semigroup theory [10, 14]. Since the generator of S is 
selfadjoint in all of the H s , it is also straightforward to prove (3.4) by hand. 
As a consequence, we have: 

Lemma 3.3. Let a,/3 G R be such that < a — /3 < 2 and let T > 0. 
There exists C > such that for all t G [0,T] and u G C([0,t];H^) we have 



(3.5) 



S(t — s)u(s) ds 



^ Ct l-(a-fi)/2 gup ll^s)^. 
s6[0,t] 



Proof. It suffices to integrate the bound (3.4). □ 
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The following bounds measure how well S £ approximates S in these in- 
terpolation spaces. The general philosophy is that every power of e has to 
be paid with one spatial derivative worth of regularity. This type of power- 
counting is a direct consequence of the fact that the function / that measures 
how much A £ differs from d 2 ., is evaluated at e\k\ in the definition of A e . 
The precise bounds are the following: 

Lemma 3.4. Let k G [0,2]. For T > there exists C > such that for 
any t € [0, T] , e G (0, 1], and u G H@ , we have 

(3.6) \\S £ {t)u- S{t)u\\ a <Ce K t-^-^l 2 \\u\\ p ((3<a + 2 K ), 

(3.7) \\S e (t)u\\ a <Ct-<- a -M 2 \\u\\p 03 < a). 

Proof. We set / = / — 1 and assume u = 1 for mutational simplicity, 
since the case v ^ 1 is virtually identical. The assumptions on / imply that 
| /(en) | < ce 2 n 2 whenever n < 5/e and 5 is some sufficiently small constant. 
Using the mean value theorem and the fact that we can assume 5 < 1 without 
loss of generality, we obtain for n < 5/e and k G [0, 2], 

\exp{-tn 2 f(en)) - 1| < (2 A cteV)e cfe2n4 < Ct K ' 2 e K n 2K e ct&2n2 

< C£ K, t K/2 n 2K e c8 2 t{l+n 2 ) _ 

Inserting this bound into the identity 

(S £ (t)u - S(t))e n = ( e -*» 3 />0 - l)e-*( 1+ " 2 )e n , 
it then follows from (3.4) that 

\\U s/£ (S £ (t) - S(t))u\\ a < CW/ 2 ||S((1 - 5 2 c)t)u\\ a+2K 

(3.8) 

<ce K t- {a -p +K)/2 \\ u y, 

provided that we choose 5 sufficiently small so that 8 2 c < ^, say. 
On the other hand, note that 

(/ - U 5/£ )(S £ (t)u - S(t))e n = l {H>5/£} (e- tn2 ^ - l) e -*( 1+n2 )e n . 

Recall that f(sn) > q — 1 for all n, and that q G (0, 1]. Then we can find 
a constant C such that 

|exp(-in 2 /M) - l|e-*( 1+n2) < Ce- q{l+n ^. 

Moreover, for any k > we have l{| n |>5/e} ^ \en/5\ K . It thus follows, us- 
ing (3.4) again, that 

||(I - n 5/£ )(S £ (t) - S(t))u\\ a < Ce K \\S(qt)u\\ a+ti < Ce K r^-^/ 2 \\u\\ p . 

The bound (3.6) now follows by combining this inequality with (3.8). In- 
equality (3.7) follows by combining the special case k = with (3.4). □ 
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3.3. Estimates for the gradient term. In this section, we similarly show 
how well the operator D e approximates d x . Again, the guiding principle is 
that every power of e "costs" the loss of one derivative. However, we are 
also going to use the fact that D e is a bounded operator. In this case, we 
can gain up to one spatial derivative with respect to the operator d x , but we 
have to "pay" with the same number of inverse powers of e. The rigorous 
statement for the latter fact is the following lemma. 

Lemma 3.5. Let f3 G R and a G [0, 1]. There exists C > such that for 
all e G (0, 1] and u G H 13 the estimate 

\\D £ u\\/3- a < Ce^Wuy 

holds. 

Proof. Using the assumption that M := |/i|(R) < oo, together with 
Jensen's inequality and Fubini's theorem, we obtain 

2 



\D £ u\\ 2 L2 <^ J (^J^\u{x + ey)\\fi\(dy)^j dx 



2 



m r r , , Nl2l , ^ , m , 
-72 J J \ u \ x + £ y)\ m\ d y) dx = ^\\ u \\h- 

On the other hand, assuming for the moment that u is smooth, we use the 
assumption that /i(R) = 0, and apply Jensen's inequality and Minkowski's 
integral inequality to obtain 

2 



\D e u\\ 2 L 2 = ^ J fj^u(x + ey)fj,(dy) \ dx 



1 f ( f f £y 



u' (x + z) dz fi(dy) ) dx 



e 2 J \JrJo 
M f f ( f ey , 



2 



<—J J yj \u'(x + z)\ dz j \/j,\(dy)dx 

-^l (r ( / w{x +z){2 dx ) 1/2 dz ) 2,h {dy) 

= M\\u'f L2 [ yM{dy)<C\\u\\l 

Using complex interpolation, it follows that ||-D e n|| i 2 < Ce ^ 1 !^!!^ for every 
a G [0, 1]. The desired result then follows from the fact that D e commutes 
with every Fourier multiplier. □ 



The announced approximation result on the other hand is the following 
lemma. 
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Lemma 3.6. Let f3 G R and a G [0, 1]. There exists C > suc/i that for 
all e G (0, 1] and u G -ff' 3 i/ie estimate 

\\D £ u - d x u\\p-. X -a < C^lkll/? 

holds. 

Proof. In view of (1.3) we have, assuming for the moment that u is 
smooth, 



1 r r-ey fW 

(D £ - d x )u(x) = - / u"(x + 

£ JrJo Jo 



z) dzdw fi(dy). 



Integrating against a test function (p and applying Fubini's theorem, we 
arrive at 



<p(x)(D e - d x )u(x) dx 



<— / / / \\<Ph-i3\\u\\i3dzdw\fi\(dy) 
£ Jr. Jo Jo 

<Ce\\v\\2-p\\u\\i3 / \y\ 2 \fi\(dy), 
Jr. 

which implies that 

\\(D £ -d x )u\\p-2 < Ce\\u\\p. 
On the other hand, Lemma 3.5 implies that 

and the result then follows as before by interpolating between these esti- 
mates. □ 

As an immediate corollary of these bounds, we obtain the following useful 
fact. 

Corollary 3.7. Let /3 e [0,1). There exists C > such that for e G 
(0, 1], u € H 13 , and G G C 1 (R n ) we have 

\\D e G{u) - d x G(u)\\-\ < C^||G U || C71 (1 + \\u\\ p ), 

where ||G u ||ci is defined as in Lemma 3.2. 

Proof. Using Lemmas 3.6 and 3.2, we obtain 

\\D E G(u) - d x G(u)\\^ < CeP\\G(u)\\ p < C^||G u || c i 

(1 + II^IU)) 

which is the stated claim. □ 



4. Probabilistic tools. In this section, we prove some sharp estimates 
for certain expressions involving stochastic convolutions. Our main tool is 
the following version of Kolmogorov's continuity criterion, which follows 
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immediately from the one given, for example, in [16]. The reason why we 
state condition (4.1) in this form, is that it is automatically satisfied (by 
hypercontractivity) for random fields taking values in a Wiener chaos of 
fixed (finite) order. 

Lemma 4.1. Let (f(t))te[o,i] n be a Banach space-valued random field 
having the property that for any q S (2,oo) there exists a constant K q > 
such that 

(E||^)r)V«<# ? (E||^)|| 2 ) 1/2 , 

(4.1) 

(E\\ V (s) - v{t)\\ q ) llQ < K q (EMs) - ^(t)|| 2 ) 1/2 

for all s,tE [0, l] n . Furthermore, suppose that the estimate 

E\\ip(s)-<p(t)\\ 2 <K \s-t\ s 

holds for some Kq,5 > and all s,t € [0, l] n . Then, for every p > there 
exists C > such that 

E sup \\<p(tW<C(K + Ey(0)\\ 2 f 2 - 
te[o,i] n 

Throughout this subsection, we shall use 9 k and 9 k for the Fourier coeffi- 
cients of ip and ip, so that 

m = O k {t)e k , m = Y Gk{t)e k . 
fcez fcez 

With this notation at hand, we first state the following approximation 
bound, which shows that we can again trade powers of k for powers of e, 
provided that we look at the difference squared: 

Lemma 4.2. For t>0, k £ Z and e G (0, 1], we have 
(4.2) E\e k (t)-6 k (t)\ 2 <C(k~ 2 Ae 4 k 2 ). 

Proof. We write again f = f — 1 and assume v = 1 for simplicity. The 
Ito isometry then implies that 



E\9 k {t) - 6 k (t)\ 2 = C / e -2*(i+fc 2 )(i _ h(e\k\)e~ tk f ^) 2 dt 
Jo 

< c / e - 2 '( 1+fc2 )(i- e - ifc2 ^i fc i)) 2 ^ 

(4.3) J ° 

poo 

+ C / e~ 2 < 1+k ^e~ 2tk2 ^(l-h(e\k\)) 2 dt 
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Let 5 > be a (small) constant to be determined later and consider first the 
term I\ with \ek\ < 5. Since / is twice differentiable near the origin, we can 
find 5 small enough so that < ce 2 k 2 for some c > 0. Therefore, for 

t >0, 

(4.4) |1 - e - ifc2 />l fc D| < cte 2 k A e ct£2k4 < cte 2 k 4 e cSHk \ 
so that 

poo 

\h\<Ce A k* / t 2 e- 2t ^ 1+k ^ +2c&2k2t dt. 
Jo 

If we ensure that 5 is small enough so that 2c5 2 < 1, we obtain 

poo 

|/i| < Ce 4 k 8 / t 2 e~ kH dt < Ce 4 k 2 < C{k~ 2 A e 4 k 2 ), 
Jo 

where the last inequality follows from the fact that \ek\ <S by assumption. 

To treat the case \ek\ > 5, we use the fact that by assumption there exists 
q E (0, 1] such that / > q, so that 

poo poo 

\h\< e- 2tk2 (l-e- tk2 ^) 2 dt<C e~ 2t(lk2 dt 

(4.5) J ° J ° 
< Ck~ 2 <C(k~ 2 Ae¥). 

The bound on I2 works in pretty much the same way, using the fact that 
the assumptions on h imply that 

\l-h(e\k\)\ <C(lAe¥). 

Using again the fact that / >q, we then obtain 

;>oo 

h < C I e~ 2tqk2 (1 A e 4 k 4 ) dt < C(k~ 2 A e A k 2 ) 
as required. □ 







We continue with a sequence of propositions, in which the estimates 
obtained in the previous lemma are used to establish various bounds for 
stochastic convolutions. 

Proposition 4.3. Let < 7 < x- F° r K > and e e (0, 1] we have 

E sup ||V> 7 WIIl~ <GV /2 - k , E sup ||^ 7 (i)||z°c <CV /2 - K , 
te[o,T] te[o,T] 

E sup ||^(t)|| L oo <Ce 7/2 - K , E sup \$ 7 (t) - V 7 (t)lk» < Ce 1/2 ~ K . 
te[o,T] te[o,T] 
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Proof. We start with the proof of the second estimate. Observe that 9 k 
is a complex one-dimensional stationary Ornstein-Uhlenbeck process with 
variance /i 2 /(2(l + vk 2 f)) and characteristic time 1 + vk 2 f . This implies 
that 

and 

(4.7) E|0 fc (t) - 9 k (s)\ 2 < Ch 2 (e\k\)\t - s\ < C\t - s\. 

These bounds imply that, on the one hand, 

E\9 k (t)e k (x) - 9 k (s)e k (y)\ 2 < CE\9 k (t)\ 2 + CE\9 k (s)\ 2 < C(l A k~ 2 ), 
while on the other hand, one has 

E\9 k {t)e k (x)-9 k (s)e k (y)\ 2 

< CE\6 k (t) - 9 k (s)\ 2 + Ck 2 \x - y\ 2 E\9 k {s)\ 2 
<C\t-s\ +C\x-y\ 2 . 
Combining these inequalities we find that, for every k£ [0,2], 

E\9 k (t)e k (x) - 9 k (s)e k (y)\ 2 < C(l A k~ 2 ) l ^ 2 (\t -s\ + \x- y\ 2 )^ 2 . 

Since the 9 k s are independent except for the reality condition 9- k = 9 k , we 
infer that 

K\^(t,x)-^(s,y)\ 2 <C Y nO k (t)e k {x) -9 k {s)e k {y)\ 2 

\k\>e-i 

<c{\t- s \ + \x-y\ 2 y/ 2 Y (iArY- K/2 

|fc|>e-T 

<Ce^ K ^{\t-s\ + \x-y\ 2 ) K ' 2 . 
Arguing similarly, we obtain 

E|^ 7 (0,0)| 2 <C Y E|4(0)| 2 <C Y (1 A fc~ 2 ) < Ce 7 . 

|fc|>e-T |fc|>e - T 

The result now follows by combining these two bounds with Lemma 4.1. 

The proof of the first and third estimates being very similar, we do not 
reproduce them here. In order to prove the last estimate, we use Lemma 4.2 
to obtain 

E\6 k (t) - 9 k {t)\ 2 < C^- 2 ) 3 / 4 ^/ 4 ^ 2 ) 1 / 4 -*/ 4 < Ce 1 - K AT 1 ~'\ 

This bound then replaces (4.6), and the rest of the proof is again analogous 
to the proof of the second estimate. □ 
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Proposition 4.4. Let ( > 0. For n > and e G (0, 1], we have 
(4.8) E sup U c (t)\\a <Ce-^ a ~ 1/2) - K 

t€[0,T\ 



(4.9) E sup \^{t)-^(t)\\ a <Ce 2 -^ a+3 ^- K (a>-- 

Proof. In view of the estimates 

(4.10) E\9 k (t)\ 2 <Ck- 2 , E\9 k (t)-9 k (s)\ 2 <C\t-s\, 
we obtain 

EuHt)-^(s)\\i<c\t- s r Yl (i+fc 2 r- l+K 

\k\<s~( 

and 

E\\^(0)\\ 2 a <Ce- 2 ^ a - 1/2) . 

Inequality (4.8) thus follows from Lemma 4.1. 

In order to prove (4.9), we argue similarly, but the estimates are slightly 
more involved. Write 5 k '■= Ok — &k so that — ip^ = ^ifc|< e -f $k e k- Us- 
ing (4.7) and (4.10), we have for s,t > 0, 

E\5k(t)-5 k (s)\ 2 <C\t-s\. 
Combining this bound with Lemma 4.2, we infer that for k G [0, ^), 

E|«5 fc (t) - S k (s)\ 2 < Cik-^ie^k 2 ) 1 - 2 ^ - s\ K = Ce 4 - 8K k 2 - 6K \t - s\ K . 
For k G (0, |a + ^), we thus obtain 

E\\(ft-^)(t)-(ft-^)(s)\\ 2 a <C\t-s\ K e^ Yl (l + k 2 ) a+l - 3K 

|fc| <£"<•' 

< C \t - s |- £ 4-C(2a+3)-8K 

and similarly 

E SUp ||^(t)-V C (0lla<^ 4 " a2Q+3) " 8K - 

te[o,r] 

The desired estimate (4.9) now follows from Lemma 4.1. □ 

Proposition 4.5. Let ( > 0. For e?;en/ k > there exists C > suc/i 

E sup e($c(t)) <Ce- 1+ «- 1)+ - K 
te[o,T] 

for all e G (0, 1], where we wrote (( - 1)+ d = V (C - 1). 
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Proof. As in the proof of Propositions 4.3 and 4.4, we shall apply 
Kolmogorov's continuity criterion from Lemma 4.1, this time for L 2 -valued 
random fields. It follows from (4.6) that 

nDMdt)-M*))\\v>= E e — nh(t)-e k ( s )~ 

\k\>£-< 



1 — cos(key) 



Note that, up to a factor e\y\, this sum can be interpreted as a Riemann 
sum for the function H(t) = f t~ 2 (l — cos(t)). In fact, since H(t) < 2(1 At -2 ), 
1 — cos(key) 



(4.11) 



£ \y\ E 



|fcey| 5 



/■oo 

V e|y|fl-(fcey) < 2 / (1 At" 



If// 



fc>£-C 

<Ce^ + . 
It thus follows that 

(4.12) E\\D £y (^(t)-^(s))\\ 2 L2 KCleyl-^U-W. 
On the other hand, (4.6) and (4.7) imply that 

E|0 fc (t) - # fc ( S )| 2 < C(l A AT 2 ) 3 / 4 |t - si 1 / 4 , 

and therefore 

E||£> ew (^ c (t)-^( a ))|fc= £ E|^,(t)-^( S )| 2 

|k|> 6 -< V 

(4.13) <C| ey |-2| t _ s |i/4 £ (i A r 2 ) 3 / 4 

\k\>£-( 

<q £y |-2| t _ s |i/4. 

Combining (4.12) and (4.13), we find that 



E\\D £y (^(t)-^ c (s))\\ 2 L2 <\£y\ 



-l-K 



t-a\ K i*E 



«/4_(l-«)(C-l)+ 



Similarly, we obtain 

E||O«,«((0)lli. 



E 

|fe|>£-C 



J,key _ ^ 



E|0 fc (O)f 



<c x: 1 " l ^ ey) <g| g i/i- i ^- i ) + 



|fc|>e-< 



|efcy| ! 
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In view of Lemma 4.1, the latter two estimates imply that 

E sup \\D £y ^{t)\\ 2 L2 <C\ey\- l -*e( l ~^-i)\ 
te[o,T] 

Using this bound, the desired result for <d(ip^(t)) can be obtained easily, 
since 



E sup 9(^(t))=E sup / \y\ z \\D ey ^(t)\\lM{dy) 
te[o,T] te[o,T]Jn 



< / |y| 2 E sup \\D ey ^(t)\\lM{dy) 
JR te[o,T] 



< C Y £ -l-K+(l-«)(C-l)+_ 

The result now follows by rescaling k. □ 

The next and final result of this section involves the term which gives rise 
to the correction term in the limiting equation. Before stating the result, we 
introduce the notation 

,2 



E y e {u) = f ^-D £y u ® D £y u, 



-dcf 1 f h 2 (t) 

and 



A, = s?l£|< 1 -~ <*»* 



AJ/ def ^ .y dcf (1 -cos(eky))h 2 (ek) 

^ £ > k ~ ^ 2ne(l + vk 2 f(ek)) ' 

Note that one has the identities 

E £ (u)= I & e (u)n(dy), A = / A'VW, ESf(^) = A^I, 

where the constant A is given by (1.5). 

Proposition 4.6. Zei a > \, 7 < ^ and x > f • -F° r £ S (0, 1], we then 
have 

E sup ||A-H e (^))|U<CV/ 2 . 
te[o,T] 

Proof. The proof is an application of Lemma 4.1 with £ = A — 

For brevity, we shall write A := 5 £ and A y := 3 £ {ipiy). We divide the 
proof into several steps. 
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Step 1. First, we claim that £(t) = A — A{t) satisfies the condition (4.1) 
concerning the equivalencejof all (/-moments. 

To see this, note that ip* admits the representation ip(t) = ^fc a fcW e fc 
where each ctk(t) is a Gaussian random vector in R n . As a consequence, for 
every y £ R, each component of Af — A y is a polynomial of Gaussian random 
variables of degree at most two. It thus belongs to the direct sum of Wiener 
chaoses of order < 2 and the same is true for A E — A, since each Wiener chaos 
is a closed subspace of the space of square integrable random variables. The 
claim thus follows from the well-known equivalence of moments for Hilbert 
space- valued Wiener chaos (see, e.g., [13]). 

Step 2. In this step, we estimate how well A| approximates A y . Since 
|1 — cosx| < C(l A x 2 ), we have the bound \A^ k \ < C(ey 2 A (ek 2 )^ 1 ) for 
some constant C. As an immediate consequence, we have the bound 



(4.14) 



/e>i 



<C{e l ^y 2 + e x ~ 1 ). 



Define now the function 



(l-cos(yt))h 2 (t) 
2irvt 2 f(t) 



so that, since h 2 / f is bounded by assumption, we obtain the bound 

\Al k -e$ y (ek)\<C £ -f. 



Combining this bound with (4.14), we have 



k>l 



<C(e l ^y 2 + e x ~ 1 ] 



At this stage, we recall that for any function <E> of bounded variation, one 
has the approximation 



V £$(£*;) - / $(t)dt 

fc>l J ° 



< e|l$l 



BV, 



where ||$||bv denotes the variation of $ over R + . Furthermore, for any 
pair <3?, ^, we have the bound 

(4.15) ||$*||bv < ||^||l°°||*||bv + ||*||l°°||$||bv- 

If we set ty y (t) = (1 — cos(yt))/t 2 , we have 

\ytsinyt + 2cosyt — 2| 



I* 



y\\BV 



K(t)\dt 



t 3 



dt 



<C\y\ 



1 A 



yH 2 



dt<Cy 2 . 
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Since ^(0) = y 2 /2, a similar bound holds for its L°° norm, and we conclude 
from (4.15) that 

||$Jbv<cV. 

It follows immediately that we have the bound 

(4.16) |A| - A» | < C(e 1_ V + ey 2 + e^" 1 ). 

Step 3. We now use these bounds in order to obtain control over ||A — ^4||?_ a 
for a fixed time t > (which is often suppressed in the notation) . 
In order to shorten the notation, note that, we can write 

~ V2y/l + i/k*f{e\k\) 

where the r] k are a sequence of i.i.d. C n -valued Ornstein-Uhlenbeck processes 
with 

Efa fc (t) ® ve(s)) = £fr'5 kt - t I, E\ = exp(-(l + vk 2 f(e\k\))\t\), 

and satisfying the reality condition r\_k = fj k . Here, I denotes the identity 
matrix. We will also use the notational shortcut 

Set now 

k e ikey_ 1 h(e\k\) 



<1 



s 



V2 y/l + vk*f(e\k\y 

as a shorthand. With all of this notation in place, it follows from the defini- 
tion of Af that 

A*(t) - A^I = <M A M - 8 k ,-il)e k+e . 

e—y<\k\,\t\<e-x 

As a consequence, we have the identity 
E||A|I-^(i)|| 2 Q 



E(i+i*i a )-°E^^ 



=k—m 

IE 

fceZ Lm 



x Etr((A^ fc _ £ - <5 M /)(A* m fe _ m - S kfi I)), 

where the second sum ranges over all £, m € Z for which £,k — £,m,k — m 
belong to (e~ 7 ,£ — *•]. A straightforward case analysis allows to check that 

(4.17) Etr((Aj )fc _j - <5 fc> o^)(A^ ifc _ m - 5 fe)0 i")) = nfy m + n 2 6t, k - m , 
so that 

E||A*J - A^)|| 2 Q < C^(l + |fc| 2 )-* ^ |gf | 2 |^| 2 . 

fcez tez 
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Note now that there exists a constant C such that the bound 

\q k £ \ < Cy/i[\y\ A -L) < Ce£-W*\k\-V 2 \y\ x -W 

is valid for all e < 1, k G Z, y G R, and /3 € [0, 1]. It follows that there exists 
a constant C > such that we have the bound 

I i\2\ m\2 I -£ 1 2 1 ttt. 1 2 

E||Af/-^(t)n 2 Q <c y * el |g£ ,J <c y 7" v 

II e Wll-a- £ + m 2a- £« m « 

£,m>l 1 1 £,m>l 111 1 

'f', , <Ce\y\ 3 , 

where we made the choice /3 = \ to obtain the last bound, using the fact 
that a > | by assumption. Combining this bound with (4.16), the constraints 

2 " ilC * A. — 2 5 

have 

E||A7 - A(t)|| 2 „ Q < C I E||A» ~ Ay(t)\tM(dy) 



7 < i and X > |, and using the fact that has finite fourth moment, we 



<C J E\\AV -AV(t)f_M(dy)+Cs 



<Ce. 

Step 4. Finally, we shall estimate E\\A(t) - A(s)\\ 2 _ a . Similarly to (4.17), 
this involves the identity 

Etr(A^_^A^ jjfc _ m ) = n<5 fe|0 + (n5 hm + n 2 ^ fc _ m )£*- s £*r s m . 
As a consequence, we infer that 

Dk£m(t,s) d = Etr((A^ fc _ £ - A| jfc _^)(A^ jfc _ m - A^ jfc _ m )) 

= 2(nfy m + n%, k - m )(l - Sj-^l-JJ- 
It thus follows that for any 8 E [0, 1], 
Dkem(t-, s) 

< C(5 e , m + &, fc _ m )(l A (2 + vl 2 f{e\t\) + - mff(e\k - m\))\t - s\) 

< C(5 e , m + 6 ttk - m )\t - s\ s (l + £ 25 f(e\£\) s + (k- m) 2S f(e\k - m\) 5 ). 
Using this bound, we obtain 

E\\Ay(t)-Ay( s )\\ 2 _ a 

= ^(1 + \k\ 2 r a ^ q lqt e Cqt m DkUt,s) 
fceZ Lm 
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< £(1 + \k\ 2 Y a \4\ 2 \q k £ - e \ 2 (D kU (t, s) + D kAk _e(t, s)) 



kez 



< C \t - s \ 5 + \k\ 2 r a 2 l2l ~ fe ~" 2 



kez e 



x(l + £»f(e\£\)> + \k-£\ M f(e\k-e\) d ). 

Note that this expression is almost the same as in Step 3. Using the cal- 
culations done there and taking into account that h and h/f 2 are bounded 
functions, we infer that 

8 We\ We I ^ „l<y^l„.l3 



E\\Ay(t)-Ay(s)\\i a = C\t- s \« ^ m^B^<c\t-sfe\y 

e,m>i 1 1 



and therefore, using Jensen's inequality (which can be applied since |//| has 
finite mass), and Fubini's theorem, 



E\\A(t)-A(s)\\ 2 _ a = E 



(Ay(t)-AV(s)Mdy) 



R 



2 



<c / n\A y {t)-Ay(s)\tM(dy) 

Jn 

<Ce\t-s\ s [ \y 3 \\n\(dy) <Ce\t-s\ s , 

which is the desired bound. 

The result follows by combining these steps with Lemma 4.1. □ 

5. Convergence of the approximations. This last section is devoted to 
the convergence result itself. Recall that we are considering a number of in- 
termediate processes v £ with j = 1, . .. ,4 defined in (2.10). This section is 

correspondingly broken into five subsections, with the jth subsection yield- 
Co) (.;_!) .. 

ing a bound on || v E — v e || Q . To prove these bounds, we shall introduce 
in each step a stopping time that forces the difference between the processes 
considered in that step to remain bounded. We then show that this differ- 
ence actually vanishes as e — > with an explicit rate. As a consequence, the 
process actually does not "see" the stopping time with high probability. 

5.1. From v 1 to Ve . Define 

T f := t k A inf{i < T: \\vjp(t) - v^(t)\\ a > K}. 

We shall show that for t <tk, the H a -norm of v E (t) — v" ( (t) is controlled 
by the L°°-norm of which is of order e^/ 2 ~ K for any k > 0, as shown 

in Section 4. The proof uses the mild formulations of the equations for vip 
and v^{t) as well as the regularizing properties of the semigroup S. Note 
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that the next proposition would still be true if we had replaced the H a - 
norm in the definition of t± by the L°°-norm. However, in the proof of 
Proposition 5.2 below it will be important to have a bound on v £ in H a . 

Proposition 5.1. For k > 0, we have 

limPf sup \\vP(t) - w 7 (t)|| Q > e^ /2 ~ K ) = 0. 



Proof. Let < s < t < r*. It follows from (2.3) and (2.10a) that g £ := 
v ^> _ ^7 satisfies the equation 

qS) = S(t - s)g £ (s) + J* S(t - r){a l + d x a 2 )(r) dr, 

where 

a 1 £ :=F(vi + Q £ )-F(v'y + ^), 

a 2 :=G(v^ + g £ )-G(v^ + ^). 

Lemma 3.3 yields the estimate 

\\Qe(t)\\ a <\\0e(s)\\ a + C(t-s)^- a y 2 sup || {p\ + d x a 2 )(r) |U 

re(s,t) 

<\\ 0£ (s)\\ a + C(t-s)^- a y 2 sup \\<rl(r)\\ L <*> + ||*f(r)|U». 

re(s,t) 

Since xP ', g £ , and ^ 7 are bounded in L°°-norm for r < r^" , and -F, G are C 3 , 
it follows that 

IkeWIU- + <c K \\Qe(r)\\L°° +c K \\i> 7 (r)\\ L <x>, 

from which we infer that 

\\ge(t)\\ a <\\ge(s)\\ a + C' K (t- S )^- a y 2 sup (||&(r)|| L - + ||^ 7 (r)||L-). 

re(s,t) 

Choose 5k > so small that C' K 5 K a ^ 2 < |, and set for A; > 0, 

r fc := sup{||fc(t)|| a -t € [fcfo A rf , (k + l)fo A rf ]}. 
Taking into account that H a C L°° , we obtain the inequality 

1 1 

2 te[(VT] 

which reduces to 



rfc+i<2r fc + sup ||V> 7 (i)||z°°. 
«6[0,T] 



Combined with the estimate 



r < 2 sup ||y> 7 (r)||i,oo, 
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which can be derived similarly, it then follows that 

sup \\g e (t)\\ a < sup r k <C K sup HV^WIU 

te[0,rf] 0<k<T/6 K te[0,T] 



which together with Proposition 4.3 implies the desired result. □ 

5.2. From \ 
stopping time 



5.2. From vlp to v £ 2 K For the purpose of this section, we define the 



rf := rf A inf{t < T : \\v^ (t) - v^(t)\\ a > K} 
as well as the exponent 

~def n s ,7 2 
a = (1 -7)a+ - = -• 

Proposition 5.2. For k>0, we have 

limP( sup ||«( 2 >(t) - vP(t)\\ a > e 5 - K ) = 0. 



t<r, 



PROOF. Let < s < i < r* and note that g £ := v £ — v £ satisfies 
g £ (t) = S(t - s)g £ (s) + J S{t - r)a £ (r) dr, 

where 

a £ := F(v^) - F(vP) + D £ {G{v^ + g £ )) - d x G(vP). 

From the definition of , we know that v £ and g £ are bounded in L°° 
by a constant depending on K. Moreover, we have the bound ||i>e ||a < 
Cx£~' y ( a ~ 1 ^ 2 ^~ K ■ Using these facts together with Corollary 3.7 we obtain, 
for r < T2 , 

\\o £ \u<\\f{v^)-f{v^)\\ loo 

+ \\(D £ - d x )G(vP)\U + \\D%G(vP + g £ ) - G(vP))\U 
< C K \\g £ \\ L oo + C K e a (l + \\vP\\ a ) + \\G(vP + g £ ) - G{v^)\\ Loo 
<C K (e«- K + \\g £ \\ L ~), 

hence 

\\ge(t)\\ a <\\ge(s)\\ a + C(t-s)^/ 2 sup K(r)|U 

r£(s,t) 

<\\ge(s)\\ a + C K (t-s)^/ 2 sup ( £ ^ + \\g £ (r)\\ L ~). 

r€(s,t) 
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Arguing as in the proof of Proposition 5.1, it follows that 



a—K 



SUp \\Qe(t)\\ a <C K £ 

te[o,r 2 A '] 

which immediately yields the desired result. □ 

5.3. From to . Define 

r 3 K : = t# A inf{t < T: \\vf\t) - v^(t)\\ a > K}. 

In this case, the singularity (t — s)~ a / 2 which arises in the proof below, 
prevents us from arguing as in Proposition 5.1. We nevertheless have the 
following proposition. 

Proposition 5.3. For n>0, we have 

limPf sup \\vi 3) (t)-vP(t)\\ a >£ ( - K ) =0, 

where the exponent £ is given by 

C t / 5A(|-a)A(2- 7 (a + |)) = |. 

Remark 5.4. The exponent £ arises by collecting the bounds (5.2), 
(5.3), and (5.5). 

Proof of Proposition 5.3. Let < s < t < t*. It follows from (2.10b) 
and (2.10c) that g £ :=t>£ 3 ^ — v £ satisfies 

Q&) = Se{t ~ S)Q £ (S) + (S £ (t - s) - S(t - a))v® (s) 

+ Ki(s,t) + K 2 (s,t), 

where 
and 



K^s, t) d ^ f (fr(t) - rit)) - (S £ (t - s)fr(s) - S(t - s)^(s)) 



K 2 (s, t) := I (S £ (t - r) - S(t - r))(F{vf (r)) + D £ G(vf (r))) dr 

J s 

+ fy(t-r){F{vf\r))-F{vf\r)) 

+ D e G(v® (r)) - D £ G{vP (r))) dr. 

We shall first prove a bound on TZi (s,t). Using both inequalities from 
Lemma 3.4, we obtain 

\\(S £ (t-s)r(s)-S(t-sW(s))\\a 

< \\S e (t- 8)&>(s) - ^(s))\\ a + \\(S £ (t -s)- S(t - s)W(s)\\ a 
<C\\(^(s)-^(s))\\ a + Ce 2 \\^(s)\\ a+2 , 



A SPATIAL VERSION OF THE ITO-STRATONOVICH CORRECTION 29 



and therefore 

\\n 1 (sMa<\\^nt)-^^t))\\ a + C\\(r(s)-rP^s))\\ a 
+ Ce 2 \\r(s)\\ a+ 2. 
It thus follows from Proposition 4.4 that 

(5.2) E sup ||^i(s,t)|| a <Ce 2 - 7(Q+3/2) - K . 

s,te[o,T] 

We shall now prove a bound on 7^2 (s,t). For this purpose, we note that 

(2) 

the definitions of the various stopping times imply that v e (t) is bounded 
in i^ a -norm by C^;£ _7 ( Q_1 / 2 )~ K . Using this fact, together with Lemmas 3.4, 
3.5 and 3.2, we obtain 

{S £ {t - r) - S(t - r))(F(4 3) (r)) + D £ G{v^ (r))) dr 
< e a l\t - r)-^ 2 \\F{vf\r)) + D e G{vf\T))\\ a _ x dr 



< C£ a {t _ s) (i-a)/2 sup (\\F(v^(r))\\ a + \\G(v^(r))\U 

re[s,t] 

<C K e a (t-s)^ a ^ 2 (l+ sup \\v^(r)\\ a 
^ r<S[s,t] 

<C K e a (t-s)^l 2 (l+ sup (||4 2) (0IL + ll&Wlla) 

V r£[s,t] 



< C K e a ~ K {t - s 



,(i-")/2 



(2) 

Furthermore, taking into account the L°°-bounds on v £ and g e enforced 
by the stopping times, Lemma 3.5 implies that 



S(t - r)(F(v® (r)) - F(vW ( r )) + D e G>( 3 ) (r)) - £> £ G(4 2) (r))) 

<C(t-s)( 1_a >/ 2 sup ||F(4 3) (r))-F(4 2 )(r)) 
re(s,t) 

+ J D £ G(4 3 )(r))-^G(4 2 )(r))||„ 1 

<C( t _ s )(l-)/2 sup (||F(4 3 )(r))-F(4 2 )(r))|| ioo 
re(s,t) 



+ ||G(4 3 )(r))-G(^(r))|| Loc ) 



(2), 



<C x (t- S ) (1 " Q)/2 sup \\Q £ (r)\\ L oo. 

r€(s,t) 



Choose 8 K G (0, 1) sufficiently small so that C' K (6 K a)/2 + 8 K j2 ) < \. For 
k > put 4 '■= k6x A t¥- , and for A; > 1 set 
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It thus follows that 

(5.3) \\TZ 2 (s,t)\\ a <C' K (t-s)^- a y 2 (e 5 - K + sup ||&(r)|U«A 

v re(«,t) 7 

where we gave the constant a name, since it will be reused below. 

><4 

/ 3 , and for k > 1 set 

r fc :=sup{\\g £ (t)\\ a :t£ [4-l,4+l]}- 

Our next aim is to find a bound for r\. Observe that, when s = 0, (5.1) 
simplifies to 

(5.4) 6e {t) = (s £ (t) - s(t))v + (^(t)-r(t))+n 2 (o,t) 

with IZ2 defined as previously. Using Lemma 3.4 and the definition of t k , 
we obtain 

(5.5) ||(5 e (t) - S(t))vo\\ a < CeV 2 - a - K \\v \\ 3/2 - K < C K e 3/2 ~ a ~ K - 
Since t < 26k and C K 8^ a ^ 2 < |, it follows from (5.3) and (5.4) that 

n < C K e i/2 - a - K + sup \\^{ t )-^(t)\\ a + he"- K + n ), 
te[o,T] 1 

hence, by definition of r , 

(5.6) n < c^^-^a^-^+s/^a^-k = to c " K , 

where £ is defined as in the statement of the result. 

Next, we shall prove a recursive bound for r^. Note that the nonnegativity 
of the function / in the definition of S £ implies that 

\\S £ {t- s)Q £ {s)\\ a < \\g £ (s)\\ a . 

Furthermore, by Lemma 3.4 and the fact that ||t4 2 ^|| a < C/fE -7 ^ -1 / 2 ) - * 
before time r-f , we have 

\\(S £ (t -s)- S(t - sM\s)\\ Q < Ce a (t - sr^\\vi 2 \s)\\ a 

<C K (t-s)- a/2 e 5 - K . 
Combining these bounds with (5.1) and (5.3), we find that 

||&(t)||a < \\8e(s)\\ a + C K (t ~ S^e^ + ||ttl(a,t)||« 
+ C' K (t-s)^- a ^ 2 (e 5 ~ K + sup \\g e (r) 

^ re(s,t) 

Taking k > 1, s = 4-1, and t € [4,4+2], it then follows, since \t — s\ € 
[6 K , 36 K ] and C' K 6^~ a ^ 2 < ±, that 

< ll&(4-i)IU + C K e«- K + ||^i(4-i, t)\\ a + \e*~ K + \r k+l . 
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Taking the supremum over t £ [i k ,i k +2], we obtain 

rk+i < r k + C K e a ~ K + sup \\Ki(a,t)\\ a + -rk+x, 
s,te[o,T] 1 

hence 

(5.7) r k+1 < 2r k + C K e 5 ~ K + 2 sup ||fti(s,i)|| a . 

s,te[o,T] 

It readily follows from (5.6) and (5.7) that 

SUP \\0e(t)\\ a = SUp r k < C K + E*~ K + SU P \\Kx(s, t) \\ a ) , 

t€[0,r : f] l<k<\T/S K ^ V s,te[0,T] ' 

hence the result follows in view of the bound on lZi(s,t). □ 

5.4. From v £ to v^ 1 . Define 

rf := r 3 K A mf{t <T:\\v^(t) - vP(t)\\ a > K}. 

Proposition 5.5. For n>0, we have 

limPf sup \\vi 4) (t)-vi 3) (t)\\ a >e^ K ) = 0, 



H<T* 



where 



^ d £l A l a --)A[-- X [a 



Remark 5.6. Similarly to above, the exponent £ arises from the bounds 
(5.9)-(5.14). 

Proof of Proposition 5.5. Let < s < t < r*. It follows from (2.10d) 
and (2.10c) that g £ :=v^ — satisfies 

Q £ {t) = S £ (t-s) 0£ {s)+ [ S £ (t-r)a £ (r)dr, 



where 

a £ :=F(v^+^)-F(v^) 

+ VG(v^+^)D £ (v^+^)-D £ G(v^)+AAG(v^). 

The definition of D £ , together with (1.3), implies that for any function u the 
following identity holds: 

D £ G{u){x) 

= VG(u{x))D £ u(x) 
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(5-8) + / ^-D 2 G(u(x))[D £y u(x),D £y u(x)Mdy) 

+ [ eV f [ [ D 3 G((l-r)u(x) + ru(x + ey)) 
Jr. Jo Jo Jo 

x [D £y u(x), D £y u(x), D £y u(x)] dr ds dt fi(dy) , 

where the operator D £ is defined by taking fi := 5\ — 5q in the definition 
of D £ , that is, D £ u(x) = e~ l {u{x + e) — u(x)). As a consequence, we may 
write 

a £ = F(v^ + - F(vP) + D £ (G(v^ + fy) - G(v^)) 
+ (AAG(v^)-A(4 4 \u^))-B 
= F(v^ + - F(v^) + D e {G(v® + - G(v^)) 

- A(yi 4 \vW) - 2A{vf\^) + (AAG(vP) - - B, 

where we have used 

A(v,w)(x) d = ^-D 2 G(u £ ^(x))[D £ yv(x),D £ yw(x)}fi(dy), 

B(x)= [ e 2 y 3 f f I" D^G{{l-r)uf\x)+ruf\x + ey)) 
Jr Jo Jo Jo 

x [D ey uf\x) 1 D ey uf\x) 1 

D £y u^ (x)] dr ds dt fi(dy) 

and u £ := v £ + if)*. 

Our next aim is to prove the estimates (5.9)-(5.14) below in order to 
bound ||er e ||_i. 

First term. Since v £ ^ , t/j* and g £ are bounded in L°° by definition of , 
it follows that 

\\F(v<P+fy) - F(vP)\U < C\\F{v<P+fy) - F{vf - &)|| Loo 

(5.9) <CjKW|i» + || fc || i0 o) 

<C K (e^ 2 - K + \\ Q£ \\ a ). 

Second term. We use Lemma 3.5 and the fact that tp* and g £ are 
bounded in L°° by definition of 74 , to estimate 

\\D £ (G(v^ + fy) - G(f^))||_ 1 < C||G(4 4 ) + fy) - G(v^ - g £ )\\ LX 

(5.10) <C K (\\j%\\L°° + \\Q e \\L<>°) 

<C K (e^+\\g £ \\ a ). 
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Third and fourth term. First, we note that for arbitrary functions v,w, 
one has 

\\A(v,w)\\^ < C\\A(v,w)\\ L i < Ce\\D 2 G(uW)\\ Looy /G £ (v)G e (w). 
Since ||i4 4 ^(i)||L°° < Ck for t < , we have 



\\D 2 G{uf))\\ Laa <C K . 

Furthermore, we observe that ||i4 4 ^||a < Cj<-£ _7( ' a_1 / 2 ) _K before time t± . 
Using this bound together with Lemma 3.5 and (1.3), we estimate 

9 e (4 4 ))= I y 2 \\D £y v^\\lM(dy) 



R 



<C K y 2 \ey\ 2 ^- l) \\v^\\ 2 M(dy) 

<C K [ y^ey^-^e-^-W-^Wdy) 
Jr. 



< C K £ 2a ~ 2 ~ K . 

Moreover, by definition of the stopping time r K we have 



Q e m) < e £ (^ 7 ) < c K e 



-l-K 



Putting everything together, we obtain 

(5.11) \\A(v^\v^)\U<C K e 25 ^ 
and 

(5.12) ||A(4 4 ),^)||_ 1 <C K e 5 - 1/2 - 2 ' t . 

Fifth term. Finally, we estimate AAG(vi 3 ^) — A(tp* , ip* ). By definition 

of rf- , we have ||^|| Q < Ci^e _x ^~ 1 / 2 )~ K before time . Since ||ug \ a < 
Cif£ _ ' ) '( a ~ 1 / 2 )~ K as observed before, we thus have 

\\u £ A) \\ a <C K e-^ a - l ^-\ 

Furthermore, since a > i, there exists a constant C > such that we have 
the bound 

||AAG(4 4 )) - A(^,^)\\_ a = ||tr( J D 2 G(4 4 ))(AJ - E £ (^)))|U 

<C\\D 2 G( U W)\\JAI-Z £ (fy)\U- 

Since the stopping time t k enforces that ||AJ— H e (^)||_ Q < C/^e 1 / 2 , we 
infer that 

||AAG(4 4 )) - A$*,^)\\_ a < Cke 1 / 2 -^- 1 ' 2 ^. 
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Since — = g £ + ^7 , we have by definition of r K , 

\\AG(4) - AG(v^)\U < \\AG(4) - AG(4 3 ))|| LOO 

< CkWqeWl™ + C k \\^\\l°° 
<C K \\g £ \\ a + C K e^ 2 - K . 
Putting these bounds together, we obtain 
||AAG(^))-^*^)||_ Q 

(5.13) 

< C K ( e V2-x(a-l/2)-« + £ 7/2-k + 

Sixth term. To estimate B, we use the fact that ||ui 4 (t)||z,°° < Ck for 
t < , so that one has the bound 

H^IUi < J J^e 2 y 3 \D ey u^(x)\ 3 \n\(dy)dx. 

We will split this expression into two parts, using the fact that uf^ = ip* + 

v^. First, using the fact that Q(ipy) < Ck£ 1 ~ k before time t± by definition 
of the stopping time t k , we find that 



£ 2„.3 

R 



y 3 \D £y ^{x)\ 3 \^\{dy)dx 

<2||^|U=c JJ^ey 2 \D ey ^(x)\ 2 \fi\(dy)dx 
= 2e\\fy\\ L o @$x) < C K e- 2K UM L ™ < C K e^ 2 ~ 3 \ 



Second, using the fact that H 1 ^ C L 3 , Lemma 3.5 and the fact that \\v^ \\ a < 
CK£" 7(a " 1/2) " K , we obtain 



e 2 y 3 \D £y v^(x)\ 3 \fi\(dy)dx 



R 

<Ce 2 Jjy\ 3 \\D, y v^\\ 3 y M(dy) 



< Ce 3a-3/2 / \y\^V^\(dy)\\vW\\l 

Jn 

< C K e 35 - 3/2 ~ 3K . 

It thus follows that 

(5.14) ||S|| L i < C x e 7/2_3K + C K £ 3( ^- l/2) - 3K . 
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Combining inequalities (5.9)-(5.13), we find that 
sup \\a £ {r)\\^ < C K (e f/2 ~ 3K + e 5 ~ 1/2 - 2K 

re(s,t) ^ 



+ e i/2-x(«-l/2)-« + sup \\ 0£ (r)\\ a ), 
re(s,t) ' 

and the result now follows as in Proposition 5.2. □ 

5.5. From to v 1 ' . Define 

rf := rf A M{t < T: \\v*Qt) - w«(t)|| a > K}. 
Proposition 5.7. For k > 0, we have 

limPf sup \\iP(t) - 4 4) (*)L > £ 1/2 *- 1/2 ~ kN ) = 0. 

Proof. Let < s < t < t*. It follows from (2.4) and (2.10d) that g £ 
v 1 — satisfies 

Q £ (t) = / S E (t - r)cr £ (r) dr, 

J s 

where 

a £ :=VG(fP + fa)D e $P + $ y ) 

- VG(iP + _ Q £ )D e {lP + ^ - q £ ) 

+ F{W + ^)-F(W + ^-g £ ). 
In order to estimate a £ , we use (5.8) to write 

a £ = D £ G(1P + fa) - D £ G(P + - q £ ) 

2 

^-(D 2 G(u £ ) - D 2 G(u^))[D ey u £ ,D £y uMdy) 

R z 

£ ^D 2 G(u^)[D £y (u £ +u^),D £y ( U£ -u^)Mdy) 

R z 

-e 2 (R £ (u £ ,u £ )-R £ (u £ 4 \u^)) 

+ F$P + $ y )-F(iP + $X-Q e ) 
= :a £j i H h cj £i 5, 

where ii e := + u £ := + ^7 and 

R £ (u\u 2 ){x) := [ e 2 y A [ [ [ D 3 G{{1 - r)u l {x) + ru\x + ey)) 
Jr Jo Jo Jo 

x [D £y u 2 , D £y u 2 , D £y u 2 ]dr ds dtd/j,(y) 
We shall now estimate a e 1 , . . . , a E 5 individually. 
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First term. First, we observe that u 7 , tp~, ip* and g £ are bounded in L°° 
before time 75 . Using Lemma 3.5, the embedding H a C L°°, and the defi- 
nition of the stopping time to bound HV'xIU 00 > we obtain 

Ki||_i = \\D e (G(?P + - G{iP + g £ ))\\-i 

< c\\G(iP + ^) - G{V + ee )|U- 

(5-15) 

< C K {\\lf>x\\L°° + llfclk 00 ) 

<C K (e^ 2 - K + \\ 6£ \\ a ). 

Second term. Using Lemma 3.5 and the fact that e 7 ^ Q ~ 1 / 2 ^ +K || ; u 7 || Q is 
bounded before time , we estimate 

Q £ (v^) = [ y 2 \\D ey vif L M(dy) 



<C K / y 2 \ey\ 2 ^W\\ 2 M{dy) 

<C K f y 2 \ey\ 2 ^s^-^- 2 ^\{dy) 



< C K e 2a ~ 2 ~ K , 
and by the definition of the stopping time t k , 

e £ (^ 7 ) < c K e- x -\ 

As a consequence, 

(5.16) @ £ (n £ ) < 2(e e (rT) + 9 e (^ 7 )) < C K (e 2 «- 2 - K + e- 1 -*) < e" 1 -". 

Note that ||ii e ||z,°° and ||u £ 4 ^|loo are bounded before time t§ . Using that 
L 1 C H , we obtain 

K2II-1 < \Ws,2\\v < 4D 2 G(u £ ) - D 2 G(u^)\\ Loc e £ (u £ ) 

<C K e- 2K \\u £ -u^\\ LX 

(5-17) 

<C K e- 2K {\\Q £ \\ L ~ + ||^ x ||l«) 
<C K e- 2K (\\ 0£ \\ a +E^ 2 - K ). 

Third term. By Lemma 3.5, we have 

©e(&)=/ y 2 \\D £y Q £ \\ 2 L 2\n\(dy) 

(5.18) 

<cf vW^MM^^Vlfc- 
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Observe that u £ + uf^ = 2v' y — g £ + ipy + and u £ — uf^ = ip x + g £ - Taking 
into account that 

e 1+K e £ (^), e 1+K 9 e (^ 7 ), e 2 -* +K e £ $ x ), \\g £ \\ a 

are all bounded before time r^, we obtain 

@ £ (u £ + 4 4 )) < c(q £ (v^) + e £ ( 0£ ) + e £ (^ 7 ) + e e $*)) 

(5-19) 

< C K (e 2a ~ 2 - K + e 2a ~ l + e" 1 -") < C K e^- K 



and 



(5.20) 



Q £ {u £ -u^)<C(Q £ ^ x ) + Q £ (q £ )) 

<C K e x ~ 2 ~ K + Ce 2a ~ 2 \\g, 



Ella- 



Using that ||m£ 4 ^ llz^oo < Ck before time Trf", we obtain 



Ksll-i < IKslUi < e\\D 2 G(u^)\\ Loo V &e(u £ + u £ 4) )Q £ (u £ - uf ] ) 
< CAr(e^ 2 -V 2 -2* + e«»-V2-«|| & || a ). 

Fourth term. We shall show that 

(5.21) |k £ ,4ll-i<C^(e" 2K H&IU + e x/ ^ 1/2 ^ K ). 

First, we use the L°°-bound on enforced by the stopping time, to 
obtain the pointwise bound 

\R £ {u £ ,u £ ) - R £ {u £ M £ ] )\ 

<C K [ e 2 y\\D £y u £ \ 2 + \D £y u £ \\D £y u^\ + \D £y u^\ 2 ) 
Jn 

x\D £y (u £ -u^)M(dy) 

<c K [ e^dD^i + |5 6y 4 4 )|)|5 ey (« e -4 4 ))|H(di/). 

Jn 

In view of (5.20) it thus follows that 
\\R £ (u £ ,u £ )-R £ (u £ ,u^)\\ L1 

<C K e [ ^11(1^1 + |B evU W|)|B BW (« B - U W)||| Ll H(dl/) 



< cW ( e «(*0 + e £ (4 4) ))e £ (n £ - 4 4) ). 
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Using (5.16), (5.18), and the definition of the stopping time to bound @ £ (ip x ), 
we find that 

e e ( Ue ) + e £ (4 4 )) < c(e e (u E ) + e e ( & ) + e e (fe) 

Using (5.20), we thus obtain 

(5.22) n^^c^, ^) — ^^c^, -^£ 4) > ii^i < <^-^c^^ /2— 2 " || £> e ||^)- 

Furthermore, taking into account that 

K - *4 4) || L oc < CjKlfelU 00 + II&Hl-) < C K (e x/2 ~ K + n&iu), 
we have by (5.16), 

\\R e (u e ,u^)-R £ (u^\u^)\\ Ll 

<Cxe 2 ||n e -4 4 )|| ioo / y 3 \\\D £yU W\ 3 \\ L M(dy) 

JR 

(5.23) <feh £ -4 4 )|| LOO / y 2 \\D £y u^\\ 2 L M{dy) 

= C K e\\u £ -u^\\ Loo e 2 (4 4) ) 

<C K (e^ 2 - 3K + e- 2K \\g £ \\ a ). 

The claim follows by adding (5.22) and (5.23) and using the embedding 
L 1 C H" 1 . 

Fifth term. As in the first step, we have 

K, 4 ||-i = \\F(W + ^) - F(^ + ^ - ee )\\-i 

(5.24) < C K (\$ X \\ L ~ + \\q £ \\l~>) 

<C K (e^ 2 - K + \\g £ \\ a ). 

Combining the five estimates, we obtain 

\\Q £ (t)\\ a <C(t-s)^/ 2 sup K(r)||_i 



re(s,t) 

< C( t_ s) (i-«)/2 sup (e- 2K \\Q £ (r)\\ a +e^ 2 ^ 2 ~ 2K ). 

re(s,t) 

The result now follows as in the proof of Proposition 5.1. □ 
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